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A complete list of the zellengleichen supergroups of the 230 Fedorov space groups is presented. 

Recent progress in the measurement of the spectra of 
single crystals has sometimes been in advance of the 
theory of such spectra since fewer lines than would be 
expected on the basis of the space group symmetry 
have been observed. A possible explanation for the 
operation of a greater number of selection rules than 
would be expected is that in reality the crystal struc- 
ture should be regarded as a distortion of a more sym- 
metrical structure. The amount of the distortion is such 
that, although it is clearly measurable by diffraction 
methods, little intensity is imparted to those transi- 
tions which are due to the descent in symmetry. Inter- 
pretation of such spectra therefore requires a list of 
all the supergroltps of the relevant space group. 

Information about the supergroups of a given space 
group has only once been given explicitly and although 
this can in principle be derived from a list of subgroups, 
it is only in the last few years that serious attempts have 
been made to compile an accurate and complete list of 
either subgroups or supergroups. The construction of 
the 230 space groups led to a limited amount of infor- 
mation as the books by Hilton (1903) and Niggli (1919) 
show, but it was not until 1929 that a systematic theory 
was presented by Hermann (1929). Hermann's list first 
appeared in Internationale Tabellen zur Bestimrnung 
yon Kristallstrukturen (1935) and corrections to this 
were given by Ascher, Gramlich & Wondratschek 
(1969). This list only comprised those which Hermann 
designated as zellengleich, i.e. those in which the de- 
scent in symmetry had only affected the rotations and 
reflexions but not the accompanying translations in 
the unit cell. The cases where only the translations and 
not the types of elements of symmetry of the crystal 
class are affected were designated klassengleich and 
will be considered by us in a companion paper. In 
general, however, a subgroup is not necessarily simply 
zellengleich or klassengleich, but as Hermann (1929) 
showed, it can always be regarded as a klassengleiche 
subgroup of a group which is a zellengleiche subgroup 
of the given group. In some cases it is also possible 
to regard the subgroup as a zellengleiche subgroup of 
a klassengleiche subgroup of the original group. 

The two modes of descent in symmetry have dif- 
ferent physical applications. The zellengleichen de- 
scents are particularly relevant to second-order phase 
transitions (Landau, 1937; Lifshitz, 1942; Ascher, 
1966) and small distortions from energetically stable 

structures. The klassengleichen descents are relevant 
to interprctation of the physical properties of crystals 
which have an inconveniently large number of mole- 
cules per unit cell. Both modes have been used by Neu- 
bfiser & Wondratschek (1966) in rationalizations of 
the structures of some mineral varieties. This paper is 
also a useful review of the whole topic. 

Ascher (1968) has produced a complete set of space- 
group correlation diagrams similar to the sample pub- 
lished a year earlier (Ascher, 1967). These are ef  the 
same form as the diagram for point groups presented 
by Hermann on p. 49 of Internationalen Tabellen zur 
Bestimmung yon Kristallstrukturen (1935). We have 
only found four misprints in Ascher's (1968) work. 
Diagrams for the klassengleichen correlations have 
been prepared by Wondratschek, but at the time of 
writing these were still in manuscript form. A com- 
plete list of the maximal subgroups of the space groups 
was produced by Neubfiser & Wondratschek (1969) 
from the results of computations using a program 
devised by Felsch & Neubfiser (1963). Their results are 
in a full Hermann-Mauguin notation to give informa- 
tion about orientation and it is hoped that this paper 
will not only fill the need for a complete list of zellen- 
gleichen supergroups but also a list in Sch~Snflies' nota- 
tion which is both sufficient and preferable for spectro- 
scopic studies. Since preparing the first draft of the 
text of this paper we have received a new list by Neu- 
bfiser & Wondratschek (1970) which inverts the list 
of maximal subgroups to yield a list of minimal super- 
groups. Finally, it is perhaps worth mentioning that 
the determination of the 1191 'black and white' space 
groups involved studies of all the halving subgroups 
of the Fedorov space groups so that a table of 'sub- 
groups of space groups' appeared in the monograph 
of Koptsik (1966). Although this in reality is only a 
list of halving klassengleichen and zellengleichen sub- 
groups (of all indexes) it contains so many errors and 
omissions that we would need to write a separate 
paper to make it a useful source of information. 

The Tables 

Tables 1-7 contain a complete list of zellengleichen 
supergroups for each space group. The groups outside 
parentheses are minimal supergroups, those preceding 
the semicolon being doubling while those following it 
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have an order more than twice that of the original 
group. Inside the parentheses are those groups which 
are not minimal and are therefore supergroups of one 
or more of the minimal supergroups. The minimal 
supergroup preceding the parentheses in which a non- 
minimal supergroup is found is a subgroup of the non- 
minimal supergroup so that a 'route' for ascent in 
symmetry (which will be relevant to further studies we 
hope to present) is specified. The route has been chosen 
to ensure unrestricted ascent since a given supergroup 
may be obtained from several different orientations of 
the subgroup. Where more than one such route exists 
the one specified has been chosen on trivial grounds, 
often just to simplify the printing. The advantage of 
these Tables is that one can see immediately if it is 
possible, for example, for a space group to be regarded 
as a zellengleiche distortion of a given close-packed 
structure, a deduction which could only be made by 
repeated applications of the Neubfiser-Wondratschek 
Table without any guarantee that one of the many pos- 
sible ascents would give the desired result. Our calcula- 
tions on klassengleichen ascents in symmetry will fol- 
low shortly. 

Table 1. Zellengleichen supergroups o f  
triclinic space groups 

CI Clh, ( e l y ,  C13h, D3~ "4, C6~n, C2h ), Clh(C2 u 2  2 - 1 0 ) ,  /--,3/"[-,11 ',-, lh\',-- 2v, 
12 14 15 18 20 g"4 /"[-' 13 16 17 19 21 C 2v, C 2o, C 2v, C 2o, C 2v, C 2v, C 2v, C 2v, C 2v), ~-" Ihk "-" 2v~ 
22 1 1 C2v), C2(D2, C~ -s, St ,  C~42 s, D~2 ~, C~, C 4, C~6), C 2 

(D 2-s ,  C~, C 4, C z, C~, C6), C~(D~ -9, D~ -7, C s, C~, 
sL  .~,~r9-'2,-2~'~-12, Dl -~°, Dl-~), 02,~2~"r'-6, Dl;2~, Dl2~, 
C I ~  -6 ,  D I ~  -20, $61-2,  C l ~  -2 ,  O l h  4, T 1 - 7 ,  O l - 1 0 ) ,  C31 

S21 1 l 13 14 C2h(D2h, Clh, C2h, DI~, D 5 ,  O64h, D9h, ,0 D4h, D4h, D4h),  
C2h, /'-'3 /"/'117-19 23 25 C~h, 12 /~16-19 /  (-'4 / " / )2 -8  "-'2h\'V2h ~ D2h, D2h, D4h, ~'4h 1~ "~2hkX.~2h 
D21~, 02h,2' D2~,22 C~, C4'~, D k ' ,  N~, D4%, DW,'~ ~,~,--2~'"~-'2, 

20 . K~ 1 [ / ~ 1 - 4  DP-I~), ~2~,.-2h, ~ /" .20  D2~,2' --2h~2~-", C~4h, D~h, DW, -~,--~ , 
C~h, C~, D~;4), S~(DL, DL, Th -~, O~ -1°) 

Table 2 (cont.) 

C4h 6" 6 17 18 20 22 24 n26-2a D2a, D~a,  C2h(C4h, D2~, D2h, D2h, D2h, D2h, ~'-'2h , 
/~118 -- 20 D6a, D~4h, D4h, D6h, DS4h, D94h, DI~, D13, D~4~, "-"4h , 

D~,,: ', r~', TT,, 02, 03, O 6-~, oh°), ,.~o,,~o,"2'~ c~o), 
(" 19/[" 11 g" 16/" FI2 D ~ h )  ' 6217, ,.. 2v'~"-- 4v, "" 20~,~" 40/"~13[(-'5--8, D2a, O4e, C2v), "-" 2vXX~'3h, 

C12 ,  12 g-'21(g-~ 10 10 22. D2d,), ~-'2vk"-4v, D2d), C2v, C3o, C~v, C3v(Td6 4 - 6 )  

C~ 1 , C4(C4v ' C2v), 3 3 C4v), 1 1 C4(C4o ' C2hfC4h, C2h ), C2h(C4h,4 3 
C4h ), c lo ,  C3o, C4o, 6 C8v, 10 11 ["131t"5--8"~ C2v, C2v, C2v, "-'2o1"-4o I, 
D21(D21 a, D22a, O~ -4, T' ,  T,~. T 4, r h, Th 2, O' ,  0 2, 0 1 - - 4 ) ,  
Dzrns-a  D3, 7 3 3 n 6 / " n s - 8  /319 -22  2~'x"2h , D4) ,  D2(D2a ' D~a, D9~ 14), L"2~L~2d , ~ ' 2h  , 

DL D, ~, D, ~, D.~. DI ;  ~, D~. D 4, Dg. O~,. O~). Sl; 
1 1 C~(C~h, C~o, CL), C~, Cg 

2 5 - 8  C22 Cl ,  C 4, C2hs C5h, C22v, C~v, f l u ,  C9v, C12o, D2(D2h ) ,  
3 3 D2(O2d. DL, D ~  '4, DL D. ~, ~ : s .  ,~,3-16, ,~,,,~,~ .t-'4h I~ L.'2~ t.." 2h ~ 

DI~, T 4, T~, 0 6, 07), "c"2',°'2h,rIS/"rll7 D2h,XS D1 ' D~, DI, D~, D~, 
D~, D 6, D~h, D~h); C~, C36, 6 2 C6(C6h, C3,,, C~) 

C 3 s 9 ~o r 6 r r .  ,2 C4(C40, C4v), ~..4~.~-.4v, C4o), C3h, C6h . C 14, C15v, C 16, 
. 5 1 / 3 1 7  18 D 3, D44, D 7, D s, 

D 2, D 3, D 6, D3h, D~6h, 0 6, O7), x'~2*,L'2d/'~61/35-- 8, z"2h/319--22, D4~, D 2, 
DS4, D64, D~,~ 16, D~6, D~, D~, D~6~, D2h, 01, 0 z, oh-a) ,  
D7/"r123 24 D 9, D~4O, /'~17--20 Z 2, 3 T~, 0 3, 0 4, 2kL'2h • D2h' ~4h , T~, 0 s, 
O s, OhS-10), nsrn2s 26 ThS), /39//327 28 • -"2~z-'2h • D2 h, T 3, x,.2kL/2h , D2h, T 5, T7), 

2 5 S4(C4h, C6h, D9d -12, T 2, T 3, T ] ,  T 6) 1 1 ; Ds(Dsd, Die, D~n, 
2 2 3 D3h) ' Ds(Dae ' D4e, Daah, 4 D3h), D s, O4, D s, D 6, ~ s Dz( D3a, D6a) 

/~20(/'~2 D46, D 9  13 ~'2nw--an,n'9/"m' DSh, D1 °, Dln 4, D~h), x..~2h~.,t-"4h, D4~, 
D20; C~ 

C2h DSh, n /"113/".7 15 16 n,Trns D~h); C2h D2h, x..'2h~L!4 h, D4Q, D2 h, L,2h~Z..,'6h, 
/319(/31 D~h, D~O, D~4, Dlh, C4h, ~-/2hk~L" 6h, 

/'123[/'317 18 O1) ,  ~t~2h~,L~4h,/3211/'33 D74h, D~2 D~,6 0~), "-'2,,,'-'4a, D4h, r3, 0~, 
0,6,0% zs s z6 nzs, n,~ D,h( Tn}, O~); D~a, D]a, D~d B2h, x.,'2hkL-"4h, 

C~h C]h, C~h. 2 , D2h(T ~, 0 2, O~), 3 2 10 Deh(D,~h, D4h), D4~, DSh, D6~, 
16 D~, D~, D; o, D2'~, D~, D;~, --eh,-,~, 

D22rn4 DS4~, D~h, 0145) 211\L/4h~ 
C5h D 6 ,  D72h, D28h, 9 5 13 /310(/38 16 l l  12 D2h( D 4h. "-" 2ht" 4h, D4Q, D4h), D2h, D2h 

(D64h, D4h) , 1 4  D2h,14 15 6 16 18 D2~(Th), D2~, D2h 
C62h C6h, /~17[/-)3 D4h), 18 /')20//-)2 D6h, D94h, DI3, D2h, .t-, 2h~.C., 6h~ D2h~ .V 2h\ L.,'4h~ 

0 3 ) ,  /322[/"14 D8h, 11 15 O2) ,  /'3241/319 20 7 4, 0 7, -~'2h~.~--'4h, D4 h, D4h, x.,2hkL., 4 h, D4 h, 
o~,oho) , -26 , -  TM o 6 ) , -  ~ 28. O2h (TQ, O2h , Die , D~a , D~e ~'2h\~t.., 4h ~ 

Table 2. Zellengleichen supergroups o f  
monoclinic space groups 

C~ h I i C 2 h ( C 4 h  , C 2 h ,  D21~, DS2h, DSh, D72h, D~, D1, 9, D 2°, Dt4h, 
D2h, DS . D64h, D9h, 1o ,3 ,4 r~, oh, 03), r z  , n n  D4h, D4h, Da~, "-'2ht'-'2h, 
O213, 16 17 D74h, , s  , 1 2 9 D2h, D2h, D4h) ,  C2v(C4h, C74v, DS~e), C2v(D2h), 
C4v, f l y ,  14 16. l 1 C2o, C2v, C3h(C6h, C2h, D ~  4, D ~  "4) 

C21h 4 3 D2h, D2h, D2h, D2h, D~  -4, D74h, DS4h, C2h(C4~, C44h, D2~n, 13 ,4 2~ 22 
D,O-~2 ~ ,6 7r~,, 0~,, 0~), .~, ,_.~,  D~, D2~, D~, 4h , O4h, D4h, r 5  / / )12  15 16 18 

DSh, D64~, DI s, D~, T~), C~u, 3 3 C2v(C4v, C5v, D6a), C4v, 
C520, C620, C 7  8 2 Czv(C4~, C4Sv, D~a), C9~, ~-"2vk"-'4v,('~10(l"4 C6v, 
02% c215, c g 

c h  ~ ~ " - '~ ,  *' ,3 2~ 2~ 2~ DI~,DL, DL, C2h(C4h, D2a D2~, D2~, D2~, D2~, D2~, 
D~, D3n, DSh, D74~, D4h,~o Dan,12 D4h,14 ~'4h/316--19, D~, D3h, D~h, 
r s, r~, 0~, 04 -7, 09), ~2vx,-.4vr"nrr"'-a, D21a ' DSa, C~o) ' 
C12/'r3 C4v), (~14/nl  3 15 rlSrr~9 10 n 2ok"6V, "2vX~t'3h, Dab), C2v, ".-.2vk~..~4v, C4v, D2a) ,  
u.'2vk~-'4p,/"20(/'11 D~d) ' C2v,22. C~v, C~v, C3o(Td5 1 - 3 )  

Table 3. Zellengleichen supergroups o f  
orthorhombic space groups 

CL 1 1 is C4v(Ogh, O74h), C,~v(Ogh 9 D,h), DS2a, O2h(rh; ' 0~, 03), DS2h, 
0213 

C22v DSzh, 9 s 13 Ix 16 D2h(Dah, D4h), D2h, D2h 
C32v (-,3 (/310 16 5 2 10 ~...., 4vlZ..,4h, D4h} , C4v(O4h, D~Q, O6a, O3~, O~h, D2h 
C42v 3 2 10 D4h), D52h, D72n, 11 Deh(D4h, Deh 
CS2v Da2h, n x,t ,s (T 6) D2h, D2h, Dzn. 
C6o 4 s n D4h), D6h, D72h, 14 D 2h( D 4n, D 2a 
C72v DV2a, /'~12/'/'~6 14 /3131'/37 15 16 ~t--'2hkL.'4 h, Dab) ,  L.'2h~L.'4h, D4h), D2h 
C~o 2 3 is D72a, D4h, s C4.(D4n, D54h), o's rnn  ~..'4V~L"4h, DgQ, Dzh, D9h 
C9v D62~, / '~'0/F~8 '6  14 '6  L~2hk.t-'4h, D41,), D2h, D2h 

C4v(D4h, D6h), D~e, 2 2 Dz~(T~, 0~, OD, D~, ~-. 4vk~'4h, O4h) ,  
D21~ 

0211 1 1 16 /"4  / /312 C4v(D4h, D7a), 2 3 C4,,(D4., DSh). c.3 rn,o D4h), ,,.- 4vx ~.. 4h, ~.4o~,x..,4h, 
' 4  1 1 D 4 h )  , D z d ( T d )  , D a d ,  /319[ / '31  O~,) ,  21 4 . -v2h'.*-." 6h, D2h(Oh), f l y  

cl~ ,~,7,,~ D~), 's. C~, C~, "" 2hV-" 6h, O 2h, 
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D 7 

DS2 
05, oD 

D~ m2~/3,~ .L.12dkxJ4n, 

O s, 010) 

D~n D1n, D~h; 1 Tn(O n, 0~) 
D~n D~n, x2. 2 2 D4h, Th(On, 0 4) 
D3n D2n, DI ° 
D~zn D3an, 011 
DS~- s none 
D9n D~n, 911 
91 ° D~n, 916 
Dl~ none 
D~2~ D~ h, 914 
D~3 D7n, DI~ 
02 ~4 none 
D2~6 ; T 6  
92 ~6 none 
D~7~ ; Da6n, D~n 
D2X~ none 
D2X9 i 1 14. D4n(Oh), DSn, ~o D4h, D4n, Din 
Dp Din, D~,,n, ~ ~ ~" D4n(On), D4n, D26n 
D2~ D3h, D]n, 12 4 16 D4h(Oh), D4n 
Di 2 , 2 D4n(On), O84n, D4h,ll D4 his 
D~ 17 9 18. 3 5 D4h(Oh), 0 6) D4n, rh(On, 
D2~ 19 /32ot~Io,. 4 7 D4n, "-'4.~,~n ~, Tn(On, 0 ~ )  
D16 17 5 D4n(On); T6(O~) 
D26 is 6 D4h(On) 
027 20 8 .  Dan(O~). T7(01 °) 
D 2 1  19 7 D~(OD 

T a b l e  3 (cont.) 
C ~  s 2 ~s ~ 8 ~ 1 ~  C 4v( D 4h, Din) ' 6 4 C 4v( D 4n, D64h), 7 9 C 4v( D 4n, D4h), ~,-., 4ok-L14h, 

13 2 4 D2a(Ta), D~a, /320£/'32 O 3 ) ,  22 2 • D4h), -LS2h\,V6h, D2n(On), C~v 
C214 J-S2h\~"Z6h,/317[/33 D~n), x.Z2h~,Z-'4h,/319//31 D~4h, D4n,lo D4n,~4 D6Xn, 01); D3~n, 

D3n 
C2X~ D2n,xa "t'2hk'C'4h,/321(/33 D7h, 912, 916, 04) 
C~ 66, "..'2h~--6h/3XT(/33 , D6~n),/320//32,..2n~,..an, D6h, D9h, D4h,,3 D2n, O3); D2h, D4 h 

/322(/3, D~4n, 11 ~s 0 2 ) C~ 7 D TM, ~-"2hkL~4h, D4n, D4n, 
c ~  ~ . ,~o, ,~s ,  ,~ . ,~3  0D. /32~,~ 0~.0~) C ,,o( D,,n), ,-, 4v~,-" ,,,,, • '~  2dk ~ d ,  "~" 2h", " In ,  
c i~  ~ , / 3 - ,  ,~2,/320, /3~2.r~ 010), r~2,.r, 0/,, 0~) 

,,-, 4 v k J . , , 4 h ] ,  ,,-, 4v \~ t . . , 4n l ,  U2dk ~d~ ,c, '2hk.,t h~ 

C20 v C4p(O4n) , 9  17 g.-,11[/319.~ 9 2 /325£/317 D2a(T,). T6. 06, OD, '.-~ 4pkx~,4n/ ,  • ~ 2 n k . ~ 4 h ,  
28 7 D2h(On) 

C221 t"~10//318~ g '12( /320~ 10 5 D2h(Oh),26 6 / 3 2 7 / T 7  ~.,4o\z.~4n/, ...~4u\x.,4n,, D2a(Ta), 0~, 01 °) ,L'2n\ -~h, 
C 2 2  /326 / /318  0 6 ) ,  /328(y319 0 7 )  

• L.." 2nk.L.s 4n, .,L,, 2hk.L., 4n , 

D1 x 1 12 2 2 D2a(D4n, D3n, I0 D2a(D4h, D4n, D9n, 11 D4n), D~n, O4n, O4n), 
Din. Dan. D]h. DI. D~; TI(T~. T~. TI. T2. 0 ~, 02, 0~. 
02, 03, o~,) 

D 2 D~h, D62n, D72n, DSn, D 3, DI 
03 3 s 4 6 15 D2d(D4n, D7n, 14 16 D4n, O4h) ' D2a(D4n, D~n, a3 D4n, D4h), D9n, 

10 11 t2 13 14 92, 046 D2n, D2n, D2n, D2n, D2h, 
D24 D2X6, D2 ~6, D~, DS; T4(T 6, 0 6, 07) 
02 ~ tS2hkLS6h,/317//33 D~h) ' D2n,xa 03, D4(07), 07, D8(O6); 062, 063, D66 
D 6 s I 16 D2d(D4n, D7n, D~h, 15 6 2 D2a(D4n, D~n, ~o D4h), D4n, D4n), D~a 

13 8 4 14 (D~h. DS4n. D11, D4h). D2a(D4h. D~n. D4~.~2 D4h). DI(01). 
D 2, DI(02) ,  9 6, D2h(Oh),19 1 D2h(Oh),20 3 D2n(OD , 2 1  4 D2h(Oh),22 2 .  

1 1 D~(O~n,  O~n), D~,  O~ 
/39  ( /317 DI~, /-310//318 20 D2n,23 D2n,24 • L~'2dkLI4n , ~2dk~J4h , D4h) , D9(O s, O~), 
DIo(o s, O1°); T2(T~. T~. T3. T~. 03, 04, 0~. 06. 07, 0~) 
D l l / / 3 1 7  18 25 26 

2d~..t..'4h, D4h). D2n. D2n. D~(O 3, 06, 06)', T3(T~. T~. 

20 27 28 D2h, D4n), D2n, D~°(O 4, 07, 0~); TS(T 6, r7, 

T a b l e  4. Zellengleichen supergroups o f  
trigonal space groups 

C~ 1 C6(C6h ' f l y ,  C2v, D~6, D~6n, D2h), 6 2 C6(C6n, C~v, C~v, D 6 
D~n, D6~n), 1 : 2 1 C3n(D3n, Din, Din, D4n), a C3v(D3d), C3v(D3a), 

3 4 4 2 Cao(D3a), D~, D~, S~ C3v(D3d), 
C l  2 2  5 5  C6(D6) , C6(D6) , D33, D~ 
C] 3 3  , 4 C6(D6), D~, D 6 C 6 ( D 6 ) ,  
C~ 5 s C3v(D3a. T~. r~. T]. 01. 0'~. 06. 07. 0~.  6 6 C3v(D3d, T~, 

T~. T~. 02.0~. 06. 08. 01°). D7(O x, 02, 03, 04, 05, 06, 
0 7, 0 8 ) ,  2 1 s6(rh, r2, T3, T~, T~, T6, T7); T ~, T 2, T 3, T '  
T s 

C~ ° 1 1 4 4 C6v(D6n), Coo(Don), DId, Dlh 
C2 x x 3 3 C 6v( D 6n), Dld, D]h C 6v( D 6n) , 
C3 2 2 3 3 C 6v(D6n), C 6v(D6n), D4d, DJn 
C4v 2 2 4 4 C6v(D6h), C6v(D6h), DIn, D~h 
C~3~ ~ n~(on, o~,, 06, 07, oD; TL TL T~ 
C6v 6 2 Ds.~(On. 03, 06, O~, 01°); T 4, T~. T~ 

D~ 1 1 D3a(D6n, D3n), 2 2 D3a(D6n. D~). D~a. Din. D~. D~ 
D] 3 1 D3d(D6h, D~n) ' 4 2 Daa(D6n, DS6n), D]h, D4h, D~, D66 
D] 02, 05 
04 D~, D~ 
D~ D 3, 04 
06 D~, D~ 
D~ 5 I D3a(On. 0~, 0~, 0~, 0~). 6 2 Daa(Oh, 0~, 0~, 0 s, O1°); O x, 

0 2 , 0 3 , 0 4 , 0 5 , 0 6 , 0 7 , 0 8 

C6n(D6h, D~n), 2 3 C6h(D6n, D64~), Dla, O2a, D]a, Dla 
S~ s x D3a(O n, 0~, 06, 07, 09), 6 2 D3a(Oh. 06. 06. Oh 8, O10). TI. 

r2,  r3,  T~, r6,  T6, T7 

D~a D~n, D~n 
D2a D2h, D'~n 
D]a D~h, D'~n 
D4a D2n, D3n 
D~a ; 0~, 04, 0~, 07, 09 
D6n ; 02, 01, 06, 0~, 010 

T a b l e  5. Zellengleichen supergroups o f  
tetragonal space groups 

Cl CI~, C~, Clv, C2v, Cso, C6o, DI(DIh, D2~, D3n, D~h, 01 
oL o ~ ) ,  2 s D4(D4h, D64~, D74h, D~n) 

C 2 D 3, D44(O 7) 
C~ C24h, C~h, C34v, C44v, C74v, C~v, D4(D4h , 5 9  D4a,~° Dab,ix D4~,a2 02, 

O~,OD,  n 6 / ~ l s  14 x5 
"v4~.-°'4 h, D4h, D4h, DI~) 

C~ D47,Ds(O ') 
/'~9//"~ 17 18 Ca s C4Sn, C9v, CI  °, ~'4x,-'4h, D4h, O s, O s, 06, 06, Oh 9) 

C64 C6h, 11 12 /310[/'~19 20 C4o, C4v, x~4 ~:V4h, D4n, 04, 08, 07, 0~, 01 °) 

SI 1 1 ,4 C4h(D4h, D24h, D~n, D~n) ' C4h(O4h,2 9 10 13 D 4h) , C ~h D4n, D4h, 
<Dln, D'4~, D'~n, D~), ..4 , /3 .  .- ,5 ~6 x • -'4n~'4h, D4n, D4~, D4n), D2a(Ta, 
oI, o~,), 2 . D2d(Td, 02, 03), D3d, D~d, D~d, D6d, D7d, D82d 

S 2 g-,5 / ' /317 18 g'~6 ( /319 20 9 2 D2a(Ta, t~2dk L d , D4n) ' 06  , OD ' /310(T5 ~,.~ 4h~,X.14n, O4h), ,,.., 4nl,~.,, 4n, 
06, 0~), / 3~ ,~  oD, /3~,'," 01 °) J"'2dk Xd, "L"2dk "~ d 

C1n 1 1 D4h(On), D]n, D~h, D~h 
c~ D~(o~, DI~,, D~, D~, 
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Tab le  5 ( c o n t . )  

C34h D~4~. .~ 2 D4t~fOt~), DTt~. D48h 
12 4 15 16 C4~ Di~. D4~(Oh). Dab. D4n 

C45h m:t7rns O9), IS 6 x..'4h~.',-.'h, D4h(O n) 
C6 ~9 ~ m o r o s  D4h(Oh) , O 10) z.." 4hk V h~ 

Ci v 1 1 D4h(Oh), D74n 
C]t , D]~. D~h 
C3v D~ °, 014 6 
C~v 12 4 14 D4h(Oh), D4h 
CS4v D~.  D~ h 
C6o , 2 D4h(Oh), D64h 
C 7  9 3 15 D4h(Oh), D4h 
cL o i l  D,~3 
C9v r117//)5 0 9) .~. 4h~ V h, 
C~O ~ D~(Oh) 

D4h(Oh) 
ci~ ,~o,,~ o~o) aJ 4hk '.-. h~ 

i ~ o~) Did Dih. D~.  D~4 °, D~Z; Ta(Oh, 
D~ D~, D~, D~,~, '~" ~ D4h, Ta(On, 03) 

DSa i , D4h(Oh), D74h, 9 3 ,s O4~(Cn), O4h 
D6d D~h. DS4h. ~o 16 D4h, D4h 
D7d D~,. D,~h. Oi~. Di3 
DzSd 4 2 D4h(Oh), D6n, 12 4 14 D4h(Ot0, D4h 
Oga 17 9 19. 2 5 D4h, Td(Oa, D4hfOh), 07) 

/'~20[/'} 10~. 5 6 D? D',~. ~.~,~ ,, 7d(O,. 0~) 
Di~ 17 5 18 6 .  D4h(O/,), T3(O 9) D4h(Oh), 
DiZd 19 7 20 8 .  6 I0 D4h(Oh), D4h(Oh), Td(Oh ) 

D4 ~ DI~. DZ~. D34,. D~h; O~(O~. O~) 
D~ D~Sh. D46~. D47,. DSa 
D.~ none 
D 4 ; 0 7 

D~ 0 9 .  ~o n ~" OZ(03. 04) D4h, D4h, D4tt, 
D, ~ D~t D,'~. D4'~. D~ 
D 7 none 
O] ; O 6 
D, ~ D4,~'. D,,~'. O~(OL O~). O~(O~) 
D4 ~° D4 ~9, D4~°; 04 (0  7, 0~). oS(o~ °) 

O41// ; O ~  
D.~E s none 

D~h, ;O~ 
D45~ -s none  
D,% ;O~ 
DaO-li 4h none  
Di~ ; 0  4 
D13-16 

4h none 

D,~7 ; O~, O~ 
Di~ ;O~ 
Di 9 ;011 
D~ ° ; O~, O~ ° 

cl 
c~ 
c~ 
c~ 
c~ 
c,~ 

clh 

C~h 
C,~h 

CL, 
eL, 
C~,, 
C~,, 

Olh 

oSh 
Ds'~, 

DI 
D~,-~ 
066 

D6t~ - '  

Z 1 
T 2 
T s 
T 4 
T s 

r~ 
r~ 
r] 
r~ 

r~ 

r'. 
rg 
T, s, 
r4 
r~ 
rg 
T7 

0 1  
0 2 
0 s 

0 4 
0 s 

06-7  
O s 

Table  6. Zellengleichen supergroups o f  
hexagonal space groups 

I 1 C6t~(O6h. D~h). C~v. C62v. D16 
D~ 
0 3 

D~ 
D6 s 

2 3 C6,.(D6~. 04,.). C36v. C~v. 0 6 

, 1 D4). Di~. D~h. D33~. D4h C6h(D6h, D26k). ~ s C 6h( D 6h, 

D~h. D~ 
D~.  D~h 

D& 
D~jz 

D~h 
D~h 

D~h, 
D~n, 
D~h, 
D2h, 

D~ 
D~h 
D3h 

D~h 

none 
D~.. 06',, 

none 

Table  7. Zellengleichen supergroups o f  
cubic space groups 

i i 0 2 Ta(Ol,, 04), 4 2 rd(Oh. @. TL Tt  01, 
2 5 4 0 s, 04 Ta(O h, 0~), s 6 3 Td(O ~, oS), T h, Th, 
3 9 Td(Oh), T~, 0 s 

T 6, 0 6, 0 7 
6 10 Ta(Oh ), TT, 0 s 

oL 0¢, 
0~, oZ 
o~ 
oL 03 
06, o~ 
o l  ° 

oh', o~ 
oL o~, 
0,5, o~ 
oL o, ~, 
o~, 
none  
o~, ° 

oL o~ 
oL o~ 
o~, o~ 
oL o~ 
og 
none 
O~, ° 

O~-l°  none 
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Klassengleichen Supergroup-Subgroup Relationships between the Spaee Groups 
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A list of physically significant klassengleichen subgroups and supergroups of the 230 space groups is 
presented with a discussion of the criteria governing the limitations on the allowed changes in volume of 
the unit cell. 

In a previous paper (Boyle & Lawrenson, 1972) we 
have enumerated the zellengleichen supergroups of the 
230 Fedorov space groups. By definition, no change in 
the volume of the unit cell was involved and although 
such relationships are extremely useful for many phy- 
sical applications, klassengleichen changes are often 
necessary if radical simplifications of a crystal struc- 

Table 1. Klassengleichen relationships between the tri- 
clinic space groups 

$2 1 

1]z 
Code: z=2. 

ture are to be effected. In a klassengleiche ascent in 
symmetry, the volume of the unit cell is reduced so 
that not only does the number of molecules per unit 
cell, Z, change, but also the sites occupied by the va- 
rious molecules and ions comprising the crystal attain 
a higher point symmetry. By definition, a klassengleiche 
relationship can only hold between two space groups 
having the same crystal class (unit cell group) and 
therefore in Sch/Snflies notation only the superscript in 
the space group symbol may change. The principles 
underlying these relationships were laid down by Her- 
mann (1929) and again in a useful paper by Neubtiser 
& Wondratschek (1966). The enumeration of the 
black-and-white space groups (Belov, Neronova & 

Table 2. Klassengleichen relationships between the monoclinic space groups 

C2 1 2 3 C~n 1 2 3 4 C2~ 1 2 3 4 5 6 

Z e 

z z e 

?3 Z 

1 z e 

2 z z e e 
3 v z 

4 v z ?3 

z e 
z z e 

?3 z 

z e z e 

v z e z z e 

a z v ?3 

Code: e= 1, 2, 4, 8; z=2, 4, 8; v=4, 8; a= 8 with the restriction that Zmax=4 for C2 and Cln groups and 8 for C2h groups. 


